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Tém tit

Hé tuyén tinh ting khuc 1a mot 16p cac hé dao dong phi tuyén
tiém 4n nhidu hién tuong dao dong phong phi. Viéc tim ra 10
gidi ddy du cho bai toan dao dong ciia cac hé nay, ciing gidng
nhu nhiéu bai toan dao dong phi tuyén khéc, cdn dén nhidu
phuong phap va thuit toan khac nhau. Tiép ndi nhitng nghién
cuu trude cua cac tac gia v& viée st dung ham mil ma tran, bai
bao nay gidi thidu thém vé viéc ap dung phuong phap bin tim
nghiém tudn hoan cua hé tuyén tinh timg khuc. Cong thirc dugc
d& xuét duoc ap dung vao tim cac nghi¢m tudn hoan ctia mot hé
tuyén tinh timg khiic bit déi xung. Ngoai ra, bai bao ciing dua
ra hinh anh luu vyc hit cta cdc nghiém nay bing cach két hop
phuong phap bén véi mot s thuat toan khéac co st dung dén 1ap
trinh song song.

Tir khéa: phuong phap bin, hé tuyén tinh timg khic, ham mil
ma tran, dao déng phi tuyén, luu vuc hat.

1. Mé dau

Céc mo hinh tuyén tinh timg khiic duoc ding dé mo
ta mot s6 cac hé ky thuat, nhat 1 cac hé co khe ho hoic
va dap, chéng han nhu dong co jeffcott voi 6 d5 co khe
hé [1], vét nit do moi [2] hay qua trinh cit got kim loai
[3]. Tinh chét “timg khiic” khién cho viéc giai hé phuong
trinh vi phan cua cac mé hinh nay c6 diém khac biét so
véi cac hé thong thuong, ndi chung, viéc xac dinh thoi
diém phuong trinh cia hé thay doi tir pha nay sang pha
khac 1a van d& quan trong. C6 mot sé nhom nghién ctru
trén thé giéi quan tim dén viéc giai cac hé nay mot cach
chinh xac va nhanh chéng: Xu va cdng su [4, 5] sir dung
phuong phap can bang didu hoa gia lugng, Pavlovskaia
va Wiercigroch [6, 7] phat trién phuong phap ntra giai
tich nira s6, ban than cac tac gia da dé ra phuong phép
ding ham mii ma tran két hop voi bién gia trong cac
nghién ctu trude day [8, 9], He va cong su [10] cling su
dung ham mil ma tran, két hop véi hoach dinh Lemke
(Lemke’s scheme) dé giai bai toan hé tuyén tinh timg
khiic ¢6 céu triic tudn hoan.

Khi d3 c6 mdt cong cu tich phan s hiéu qua thi
nghiém tudn hoan 6n dinh cua hé dao dong co thé duoc
tim ra bang cach tich phan phwong trinh vi phan chuyén
dong ciia hé voi cac didu kién dau thich hop va thoi gian
tich phan du dai. Tuy nhién, qua trinh nay c6 thé tiéu ton
rat nhiéu cong strc, nhét 1a khi téc do hoi tu vé nghiém
cham. Mot trong nhimg phwong phéap c¢6 thé khéc phuc
van d& nay 1a phuong phap ban [11]. Phuong phap bén

ciing can sir dung mot thuat toan tich phan s, nhung thay
vi kéo dai thoi gian tich phan dé doi dao dong cua hé tu
hoi tu vé mot nghiém tudn hoan 6n dinh thi phwong phép
nay tap trung vao viéc tim diéu kién dau ing voi nghiém
tudn hoan, tirc 1a tim trang thai ban dau cia hé tai thoi
diém bit ddu mot chu ky sao cho tai thoi diém két thuc
mot hode mot vai chu ky sau thi hé lai tr¢ lai ding trang
thai d6. Chinh vi vy, trong nhiéu truong hop, phwong
phép ban cho két qua chinh xdc va nhanh hon viéc tich
phan sb thong thuong. Ng0a1 ra, phuong phap bén c6 kha
nang tim ra nghiém tuan hoan khong 6n dinh — viéc ma
phuong phap tich phan s thong thuong khong lam duoc
— diéu nay giup ich cho viéc v& cac so do r€ nhanh va dy
doan tap nghiém cua hé & vung tham s6 chua duoc khao
sat.

Bai b4o nay gidi thidu ngin gon phwong phép tich
phan hé tuyén tinh timg khuc bang ham mii ma trén va
sau do6 tap trung vao viéc xay dung cac cong thic Gng
dung phuong phéap bin dé tim nghiém tuan hoan cua cac
hé tuyén tinh timg khac. Mot vi du cu thé dugc trinh bay
dé minh chimg cho phwong phap dugc dé xuét.

2. Giai phwong trinh vi phan tuyén tinh tirng
khuc chiu kich dong tuan hoan bang ham mi
ma tran

Xét mot hé tuyén tinh timg khuc chiu kich dong tuan
hoan c6 n bien trang thai va w pha tuyén tinh khac nhau

X(t):A(x)x(t)+f(t,x) )
trong do
xeR" (2)
{A(X):A" vxeD, i=Lw 3)
f(t,x)=1.(¢)

Cac vung D, tao thanh mét phan hoach (partition)

cua R"

D,.ij=®(1£i¢j£w);UDi=R". 4)

i=l1

Trong moi vung, A, la mot ma trdn vudng cap n

chira cac hang s6 va f(r) 1a tong cua cac ham diéu hoa
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f(1)=b, +Z L COS(Q 1) +
®)

:W

+ wa sin(Q7) i

voi cac vector hang so b,, f,, f.

cij > Cac tan s6 Q,
thoa mén rang ton tai mot chu ky chung nho nhat T cho
tat ca cac thanh phan diéu hoa.

Bing cach dwa vao cac bién gia p [8, 9], (1) duoc
viét lai nhu sau

y(@) =BX)y(?) (6)
voi
X
y =[ } (7
p
lmxl
p(0)=0,, (8
1
B(x)=B, VvVxeD, i=Lw C)
A U
Bl.z{ ! '} i=Lw (10)
0 L
=R f, ... £, b] (11)
0,.. —Q OWI
L = Q Omxm Omxl (12)
0 0 0

Ixm Ixm

Q=diag(Q,,Q,,....Q,) (13)

Trang thai ctia nghi€m cta (6) tai mot thoi diém ¢
nao d6 co dang

N 1
y(t')=e™" " ( ITe™ "“"“je"’““ Yo (14)
k=s-1
voi t, 14 cac thoi diém chuyén pha va i, 1a chi sb cta
ving tng véi pha tir thoi diém t, trédi
£>t, >t >..>t>1,=0 (15)
x()eD, Vi, >t=t, k=0,s (16)
X()eD, Vit >t>1 (17)
Yo =¥(%) =y(0) (18)

3. Tim nghiém tuin hoan ciia hé tuyén tinh
tirng Khtc chiu kich dgng tuan hoan

3.1. Phuong phap tich phan sé don thuin va ban do
Poincaré
Cong thiic (14) cho phép ta tim dugc trang thai cua

hé tai mot thoi diém bat ky néu biét didu kién dau, tic
trang thai cla hé tai thoi diém ban dau. Dé tim nghiém
tudn hoan cua hé, ta co thé chon mét didu kién dau bat ky
nao d6 va tich phan sb theo cong thire (14) cho dén khi
thdy hé tién t01 mot nghiém tudn hoan. P& nhan ra mot
nghiém la tudn hoan, ta co thé st dung ban dd Poincaré.
Tuy nhién, khong phai khi nao ta ciing c6 thé thu duogc
mdt nghiém tudn hoan theo cach nay: trang thai cia hé
ciing co thé tién t6i vo cung, tién t6i nghiém hiu tuan
hoan hozc nghiém hdén don. Ngoai ra, véi cing mot hé,
cung mot by tham $6, cac diéu kién dau khéac nhau c6 thé
dan dén cac nghiém tudn hoan khac nhau. Do do ta c6
khai niém sau: luu vuc hat cia mot nghiém nao do 1a tap
hop cac didu kién dau dan dén nghiém do. Khai niém nay
xudt phat tir khai niém luu vuc hit (basin of attraction)
ctia mot tap hut, trong d6 tdp hop céac trang thai cia hé
ung voi mot nghiém tudn hoan, hdu tudn hoan hodc hdn
don cu thé duge coi 12 mot tap hat.

Thuat toan cho phuong phép tich phan sé don thuan
kha don gian nhung dé nghiém thu dugc dat d§ chinh xac
cao thi khdi luong tinh toan sé& rat 16n néu c6 kho khin
trong qua trinh tich phan va/hoac néu tdc do hoi tu vé
nghiém cham. Ngoai ra, phwong phap nay khong thé tim
ra cac nghiém tuan hoan khong 6n dinh vi cic nghiém
nay tmg vai cac tap day (repeller).

3.2. Phwong phap bin

bé tim diéu kién dau ung voi nghiém tuan hoan cua
hé n phuong trinh vi phan cap 1

x(¢) =f(x,?) 19)

v6i f(x,¢) 13 ham tudn hoan theo 7 véi chuky T,

f(x,t+T. ) =f(x,0), (20)

min

c6 thé gia thiét rang ta da biét chu ky 7 clia nghiém tuan
hoan va ditim m sao cho néu giai (19) vai dicu kién dau

x(0)=n @

thi sau thoi gian 7, trang thai ciia hé lai quay tré vé dung
diéu kién dau n

x(T)=x(0)=7. (22)

Noi cach khac, dé tim nghiém tudn hoan cua hé (19), ta
can gidi mot bai toan diéu kién bién (22), va voi viée sir
dung phuong phap bin, ba1 toan twong duong voi viéc
giai mot phuong trinh dai s6 phi tuyén

r(n)=0 (23)

trong d6 ham r(n) dugc xac dinh bang cich giai (19)
v6i diéu kién ddu n va tinh hiéu hai trang thai ctia hé &
hai thoi diém 7 va 0. Do trang thai cua hé & moi thoi
diém phuy thudc vao trang thai cua hé ¢ thoi diém dau nén
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ta c6 thé viét nhu sau
r(n) =x(7,m)—x(0,n). (24)

Nghiém cua (23) ¢6 thé duoc xac dinh bang phuwong phéap
lap, v6i nghiém du doan1a n'” nhu sau [11]

n(i+l) — n(i) +5n(i) (25)

dx i i i i
(d—n(T,n”)—EnJM” =n" -x(T,n"). (26)

Chu y rang, khac voi tai liéu [11], & day ta viét
dx/dn thay vi Ox/om. V& gia tri thi hai cong thic 1a
nhu nhau do 7 trong trudng hop nay 1a hang sé. S¢ di c6
su thay d6i vé cach viét ¢ day 1a dé tranh nhim 14n trong
céc cong thirc duoc thiét 1ap ¢ nhitng muyc sau.

a) Cong thire dao ham day dii

Ta s& xay dung cong thirc (25) va (26) cho hé tuyén

tinh timg khiic chi ¢6 hai pha tuyén tinh khéc nhau

x()= A(x)x(r)+£(1,x) 27
trong do
xeR" (28)
{A(X):Al vx:g'x-b>0 (29)
f(z,x)=1,(r)
{A(X):Az vx:g"x-b<0 (30)
f(2,x)=1,(2)

f@+T) =) £,0+T)=1,0) 31)
v6i g' € R" lamot vector hang s6 va b 1a mot hang so.

Gia st rﬁng hé trén bién d6i duoc vé dang (6), ta can
tim nghiém tudn hoan y chu ky 7. Tur (14) taco

Y, =y(t)=e""y, (32)
Yian = y(tkﬂ) € B o~ lA)Yk k=1s-1 (33)
y(I)=e""y.. (34)

Ciing can cht ¥ ring cac thoi diém chuyén pha 7,
phu thudc vao trang thai cua hé, nghia la phy thudc vao
y, do ching phdi thoa man diéu kién (29) va (30)

Jin :j(Yk+l):gTyk+l -b=0 k=0,s-1 (35)
voi

g =g 00, (36)

Pao ham hai vé cua (32), (33) va (34) theo Y,,taco

ﬂ:%_i_% dt eButl +B e o’yo dt
dy, 0y, ot dy, dy,
: dt
=e™" +B,y,—L, 37)
dy,
dy. _ Oy ﬂ_i_ Oy 1 Aty + 0¥ 1 ﬂ
dy, Oy, dy, ot dy, o dy,
dyo dy, dy,
_ P (o) dL+B[kka (d’“‘ —dij k=Ts-1(38)
dy, dy, dy,
dy(T) _oy(1) dy, | oy(T) di,
dy, ay, dy, ot, dy,
AR dy, B, "y dt; ’ (39)
dy, ' dy,

DPao ham hai vé cua (35) theo Yo, chi y dén cac
cong thue (37) va (38), ta dugc

A _ G By _ g d,

- =g'e" +g'B y,—=0, (40)
dy, Oy, dy, : dy,
djkﬂ — gTeB,k (G —1) dL
dy, dy,
+g'B.y,., (dt“‘ —dij =0 k=1,5-1.(41)
dy, dy,

T hai cong thirc trén suy ra

dt _ :
—=—(g'B,y,) 'g’e™", (42)
dy,
dt + dt b~ d
[ B.y.)'s 1T @B i =t) Y i
dy, dy, dy, (43)
k=1s-1

Cac cong thirc (37), (38), (39), (42) va (43) chota
cong thire truy hoi dé tinh  dy(T)/dy, mot cach day du.
DPé y ring 2m+1 phan tir cudi cia y 1a cac bién gia, do
d6 ta khong can thay ddi chung khi di tim diéu kién dau
tmg v6i nghiém tuan hoan. Nhu vay, dx(T,n)/dn
chinh 13 ma tran con ¢& 7 ndm trong n hang va n cot dau
tién cua dy(T)/dy,. Cudi cung, ta dd c6 du cong thic
dé xay dung biéu thuc lap (25) va (26).

b) Cong thirc dao ham rut gon

Néu & 1an can nghiém tudn hoan can tim, anh hudng
ctia diéu kién dau dén cac thoi diém chuyén pha 13 nho thi
céc cong thirc (37), (38) va (39) co thé dugc viét lai nhu
sau

——=e ", (44)
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Bin Pt Wi Ls—1, (45)
dy, dy,

ay(@) _ s dy, _ o (T—mﬁ P (46
dy, dy,

Loai bo céc bién gia, ta c6

dax(T,m) ~e™ (T—ts)lL‘[eA,,H ttn) (47)
dn k=s

Thuc té tinh toan cho théy, néu ban diu ta da doan
nghiém tuong dbi chinh xéc, viéc sir dung cong | thirc dao
ham rat gon (47) cho phép lap (25) va (26) van cho d6
hoi tu nhanh va két qua c6 do chinh xac rat cao ma viéc
lap trinh lai don gian hon cong thirc dao ham diy du. Cac
két qua duoc trinh bay ¢ bai bao nay déu sir dung cong
thirc dao ham rut gon.
4. Nghlem tudn hoan va luu vue hut cia mot

he tuyén tinh tirng khic bat ddi ximg mot
bic tu do

Xét hé sau
x(1) = AX)x +f sin Q7 +b(x) (48)
véi
xeR?, (49)
i _H (50)
s f;) >

A(X)=A; b(x)=b, Vx:[I 0]x+d>0, (51)
AX)=A,; b(x)=b, Vx:[l 0]x+d<0, (52)

0 1
A=\ —ky—k —c,—¢ | (53)
m m
0 1
A, =k = | (54)
m o om
blzm, (55)
0
0
b, =|kd |- (56)
m

Céc tham s6 dugc 14y nhu sau

£, =7,8x10°N; m=0,4x10°kg;

k, =0,9x10°N/m; k, =32,5x10° N/m;
¢, =0,05x10°Ns/m; ¢, =0,5x10° Ns/m;
d =5x10"m; Q=34,56rad/s.

Heé trén di duoc khao sat tir lau bang phuong phap
can bang dieu hoa gia lugng [5] va bang phuong phép

ban véi tich phan sb thong thuong [11]. Tuy nhién, cac
nghién ctru sau do6 chi ra rang st dung ham mii ma tran
Vv6i cac bién gia lam tang do chinh xac cua qué trinh tich
phan ciing nhu lam ting toc d6 tinh toan, nhd thé ma sb
lwong nghiém dugc tim ra ting 1én rat nhidu [8, 9].

Trude hét, phuong phap anh xa 6 don gian dwoc st
dung dé xac dinh nhitng trang thai cia hé c6 thé gan véi
didu kién dau cua nghiém tuan hoan. Sau do, phuong
phap bin dugc sir dung dé tim cac nghiém tuan hoan tir
nhitng trang thai ndy mot cach day du nhét co thé. Cudi
cung, ban d Poincaré dwoc ding, két hop voi két qua
ctia phuong phap anh xa 6 dé v& ra luu vyc hiit cua cac
nghiém tudn hoan da tim duoc.

Trong qua trinh trén, rat nhidu bude tinh toan duge
lap di lap lai ma khong anh huong dén nhau, nhu khi sir
dung phuong phap anh xa 0, khi stt dung phuong phap
ban VO’I cac diéu kién dau du doan khac nhau va khi tich
phéan s6 voi cac diéu kién ddu khac nhau. Tan dung
nhitng cong nghé mai trong ciu trac may tinh, 1ap trinh
song song duoc st dung tai cac bude do dé tang toc do
tinh toan. Do giéi han khong gian cta bai bao, phuong
phap anh xa 6 va ky thuat 1ap trinh song song khong dugc
trinh bay ky ¢ day.

Ta tim dugc tong cong nam nghiém tudn hoan 6n
dinh cia hé da cho: trén hinh 1 la quy dao pha cuta
nghiém 1 chu ky, hinh 2 13 nghiém 3 chu ky thir nhat,
hinh 3 1a nghiém 3 chu ky th& hai, hinh 4 1a nghiém 9 chu
ky c6 tinh chat kha gidng v6i nghiém 3 chu ky thi hai va
hinh 5 1a nghiém 2 chu ky.

1.5

05F

xz[m/s]
(e}

-1t

-1.5
-0.06

-0.02 0 0.02 0.04
x, [m]

-0.04

Hinh 1. Quy dao pha ctia nghi¢m mot chu ky

Luu vyc hut cta cac nghiém tuan hoan thu dugc nhd
phuong phap anh xa 6 duoc cho trén hinh 6. Tong cong
c6 15608901 6 trén hinh anh luu vyc hat nay
(6501x2401). Hinh 7 cho hinh anh can canh cua vung
trung tAm cta hinh 6. C6 thé thay rang & khu vuc trung
tam thi luu vuc hat ciia nghiém 2 chu ky rat nhé nhung
khi ra xa khoi trung tam thi luu vuc hit cia nghiém nay
lai c6 dién tich ap dao. Luu vuc hut cia nghiém 3 chu ky
thir nht nim “xung quanh” luu vuc hit clia nghiém ctia



Tim nghiém tuan hoan ciia hé tuyén tinh timg khiic bang ham mii ma trdn va phiong phdp bdn

nghiém 1 chu ky con luu vyc hat cia nghiém 9 chu ky &

“xung quanh” luu vuc hat cua nghiém 3 chu ky thir hai va 3
chung thé hién tinh chat “fractal” — cac luu vuc xen lan
nhau, rat khé dé xac dinh dugc duong ranh gidi. 7t
3 1
@
2 i 0
N
<
Ly -1
£
0 L 4
\—(-I\] _2 F
]
1t ; 3 . . .
-0.15 -0.1 -0.05 0 0.05
2t . X, [m]
Hinh 4. Qu¥ dao pha cua nghiém 9 chu ky
3 - - -
-0.15 -0.1 -0.05 0 0.05 3
x,[m]
Hinh 2. Qu§ dao pha cta nghiém 3 chu ky thtr nhét 61
4 L
2
2 L
15t 0
g 0
1t N
2t
0.5¢
) 4t
ER
><c\l 6t
-0.5
-8 - - :
-1t 1 -0.6 -0.4 -0.2 0 0.2
X, [m
15} (]
Hinh 5. Quy dao pha cua nghiém 2 chu ky
'_20'15 _0'.1 -0.I05 0 0.05 Toan bo két qua tinh toan trén dugc thuc hién trén

mot may tinh ca nhan ¢6 cdu hinh trung binh thap & thoi
diém viét bai voi tong thoi gian chay may khong qua mot
Hinh 3. Quy dao pha cua nghiém 3 chu ky tht hai ngay.

x,[m]
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xz[m/s]

R -0.6

-0.2 0

Hinh 6. Luu vuc hut cua cac nghiém tuan hoan.
Céc dau “x” ung vdi ban do Poincaré cia cac nghiém tuan hoan.

[ nghiém 1 chu ky

@ nghiém 3 chu ky
thr nhat

O nghiém 3 chu ky
thir hai

B nghiém 9 chu ky

M nghiém 2 chu ky

Hinh 7. Luu vye hut cta cac nghiém tudn hoan, phong to ving trung tam.
Céc ddu “x” (g v6i ban db Poincaré cua cac nghiém tuén hoan.

O nghiém 1 chu ky

@ nghiém 3 chu ky
thir nhat

O nghiém 3 chu ky
thir hai

M nghiém 9 chu ky

M nghiém 2 chu ky
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5. Két luin

Bai bao da trinh bay phuong phap ban tim nghiém
tudn hoan cta hé tuyén tinh timg khuc, trong do co sir
dung dén ham mii ma tran. Dé co6 thé ap dung ham mii ma
tran mot cach co hiéu qua, phuong phap dua vao bién gia
do céc tac gia d& ra & cac nghién ctru trude tiép tuc duogc
sir dung. Hai cong thirc ap dung phwong phap bin di
dugc thiét 1ap: cong thirc dao ham day du, trong d6 co ké
dén anh huong cua didu kién ddu dén cac thoi diém
chuyén pha, va cong thirc dao ham rat gon, trong do
khong ké dén anh huong cia didu kién dau dén céac thoi
diém chuyén pha. Thuc té cho thay ca hai cong thirc nay
déu ¢o6 hiéu qua va cong thirc dao ham rat gon duge vu
tién str dung trong nghién clru nay vi su don gian cta no.

MGoét vi du tinh toan cho mot hé tuyén tinh tirng khuc
bat dbi xtng mot hé tu do da dugc trinh bay. Voi cung
mot bo tham sb, nam nghiém tudn hoan dn dinh khéc
nhau da dugc tim ra. Luu vuc hit ciua cac nghiém nay
dugc v& ra nho sy két hop cua phuong phéap anh xa 6, ban
dd Poincaré va phuong phap bén. Cac két qua thu dugc
vugt troi so vai cac nghién ctu st dung cac phuong phap
khac.

Ban d6 luu vye hat ¢6 hon 15 triéu 6, doi héi khoi
lugng tinh toan rat 1on. Viéc toan bd tinh toan nay duogc
thuc hién trén mdt hé¢ may tinh ca nhan gia ré voi thoi
gian chay may chap nhan dwoc d chimg to cac thuat toan
duogc str dung co tde d6 va hiéu qua cao. Ky thuat tinh
toan song song ciing gop phan ting tdc qua trinh tinh
toan.

Phuong phap anh xa 6 va k¥ thuat 1ap trinh song song
s€ duogc trinh bay trong cac nghién ctru sau nay.
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